Abstract. Given an L 2 -acyclic connected finite CW -complex, we define its universal L 2 -torsion in terms of the chain complex of its universal covering. It takes values in the weak Whitehead group Wh w (G). We study its main properties such as homotopy invariance, sum formula, product formula and Poincaré duality. Under certain assumptions, we can specify certain homomorphisms from the weak Whitehead group Wh w (G) to abelian groups such as the real numbers or the Grothendieck group of integral polytopes, and the image of the universal L 2 -torsion can be identified with many invariants such as the L 2 -torsion, the L 2 -torsion function, twisted L 2 -Euler characteristics and, in the case of a 3-manifold, the dual Thurston norm polytope.
Introduction
We assign to a group G the weak K 1 -groups K w 1 (ZG), K w 1 (ZG) and the weak Whitehead group Wh w (G), see Definition 1.1. These groups are, as the names suggest, variations on the corresponding classical groups. More precisely, the name 'weak' comes from the fact that in the definitions we study matrices over the group ring ZG, but we no longer require that they are invertible over the group ring, but we only require that they are weakly invertible in the sense of L 2 -invariants. These groups are in general much larger than their classical analogues. For instance, for G = Z we have Wh(Z) = 0 but Wh w (Z) ∼ = Q(z ±1 ) × /{±z n | n ∈ Z}. Furthermore, to an L 2 -acyclic finite based free ZG-chain complex C * we assign its universal L 2 -torsion, see Definition 1.7
(0.1) ρ (2) u (C * ) ∈ K w 1 (G). It is characterized by the universal properties that ρ (2) u 0 → ZG ± id −−→ ZG → 0 = 0 and that for any short based exact sequence 0 → C * → D * → E * → 0 we get ρ (2) u (D * ) = ρ (2) u (C * ) + ρ (2) u (E * ), as explained in Remark 1. 16 . If X is an L 2 -acyclic finite free G-CW -complex, it defines an element (0.2) ρ (2) u (X; N (G)) ∈ Wh w (G) := K w 1 (G)/ ± G, determined by ρ (2) u (C * (X)), where C * (X) is the cellular ZG-chain complex of X, see Definition 2.1. As an example, if X is the free abelian cover of a knot exterior S 3 \ νK, then under the aforementioned isomorphism Wh w (Z) ∼ = Q(z ±1 ) × /{±z n | n ∈ Z} the universal torsion ρ (2) u (X; N (Z)) agrees with the Turaev-Milnor torsion [27, 35, 34] of the knot.
If X is a finite connected CW -complex with fundamental group π, and universal covering X, we call X L 2 -acyclic if X is L 2 -acyclic as finite free π-CW -complex and abbreviate (0.3) ρ (2) u ( X) := ρ (2) u ( X; N (π)) ∈ Wh w (π).
The basic properties of these invariants including homotopy invariance, sum formula, product formula, and Poincaré duality are collected in Theorem 2.5 and Theorem 2.11. One can show for a finitely presented group G, for which there exists at least one L 2 -acyclic finite connected CW -complex X with π 1 (X) = G, that every element in Wh w (G) can be realized as ρ (2) u ( Y ) for some L 2 -acyclic finite connected CW -complex Y with G = π 1 (Y ), see Lemma 2.8.
The point of this new invariant is that it encompasses many other well-known invariants. We illustrate this by considering some examples. Although these invariants do make sense in all dimensions, we often restrict ourselves to the case of admissible 3-manifolds M :
Definition 0.4 (Admissible 3-manifold). A 3-manifolds is called admissible if it is connected, orientable, and irreducible, its boundary is empty or a disjoint union of tori, and its fundamental group is infinite.
L
2 -torsion and the L 2 -Alexander torsion. In Section 2.4 we will see that the universal L 2 -torsion of a 3-manifold M determines the L 2 -torsion and more generally the L 2 -torsion function (also called L 2 -Alexander polynomial and L 2 -Alexander torsion) that recently was intensively studied, see e.g., [1, 5, 6, 15, 17, 18] . The former invariant is determined by the volumes of the hyperbolic pieces in the Jaco-Shalen-Johannson decomposition of M , see [24, Theorem 0.7] . The latter invariant is a function ρ (2) ( M , φ) : R >0 → R ≥0 associated to M and a class φ ∈ H 1 (M ; Z). This function captures a lot of interesting topological information, in particular it was shown by the authors [7] and independently by Liu [19] that it determines the Thurston norm of φ.
Twisted L
2 -Euler characteristic. For a short review of the Atiyah Conjecture for a torsionfree group G and its status which is adapted to the needs of this paper, we refer to [8, Section 3] , a more general introduction is given in [22, Chapter 10] . In Remark 3.28, given a torsionfree group G satisfying the Atiyah Conjecture, we will introduce a pairing (0.5) Wh w (π) × H 1 (G) → Z, which has the following property: given an L 2 -acyclic finite free ZG-chain complex C * and an element φ ∈ H 1 (G) = Hom(G, Z) the image of ρ (2) u (C * ; N (G)) ⊗ φ under the pairing above equals the L 2 -Euler characteristic we introduced in [8] . It is now easy to see that for an admissible 3-manifold M and φ : π 1 (M ) → Z the L 2 -Euler characteristic of [8] is determined by the universal L 2 -torsion ρ (2) u ( M ). Similarly, using [8, Section 8] one can show that the degrees of the higher-order Alexander polynomials of Cochran [2] and Harvey [14, Section 3] In this section we define the universal L 2 -torsion and the algebraic K-group where it takes values in.
1.1. From finite based free ZG-chain complexes to finite Hilbert N (G)-chain complexes. Let G be a group. We will always work with left modules. A ZG-basis for a finitely generated free ZG-module M is a finite subset B ⊆ M such that the canonical map
is a ZG-isomorphism. Notice that we do not require that B is ordered. A finitely generated based free ZG-module is a pair (M, B) consisting of a finitely generated free ZG-module M together with a basis B. (Sometimes we omit B from the notation.) In the sequel we will equip ZG n = n i=1 ZG with the standard basis. A finite Hilbert N (G)-module V is a Hilbert space V together with a linear isometric left G-action such that there exists an isometric linear embedding into L 2 (G) n for some natural number n. (Here N (G) stands for the group von Neumann algebra which is the algebra of bounded G-equivariant operators
n is a finite Hilbert N (G)-module. Morphisms of finite Hilbert N (G)-modules are bounded G-equivariant operators (which are not necessarily isometric). For a basic introduction to Hilbert N (G)-chain complexes and L 2 -Betti numbers we refer for instance to [22, Chapter 1] . For a finitely generated based free ZG-module (M, B) define a finite Hilbert N (G)-module Λ G (M ) by L 2 (G) ⊗ ZG M equipped with the Hilbert space structure, for which the induced map
is a G-equivariant isometric invertible operator of Hilbert spaces. (If G is clear from the context, we often abbreviate Λ G by Λ.) Obviously Λ(ZG n ) can be identified with L 2 (G) n . One easily checks that a ZG-map of finitely generated based free ZG-modules f : M → N induces a morphism Λ(f ) of Hilbert N (G)-modules. This construction is functorial. Moreover we have r 1 ·Λ(f 1 )+r 2 ·Λ(f 2 ) = Λ(r 1 ·f 0 +r 2 ·f 2 ) for integers r 1 , r 2 and ZG-maps f 0 , f 1 : M → N of finitely generated based free ZG-modules. Obviously Λ is compatible with direct sums, i.e., for two finitely generated based free ZG-modules M 0 and
is an isometric G-equivariant invertible operator. Let f : M → N be a ZG-homomorphism of finitely generated based free ZG-modules. If B and C are the bases of M and N , let A(f ) be the B-C-matrix defined by f , namely, if for b ∈ B we write f (b) = c∈C a b,c ·c for a b,c ∈ ZG, then A = (a b,c ). Let A * be the C-B-matrix, whose entry at (c, b) ∈ C × B is a b,c , where
for g∈G r g · g ∈ Z. Define f * : N → M to be the ZG-homomorphism associated to A * . One easily checks that Λ(f * ) = Λ(f ) * , where Λ(f ) * is the adjoint operator associated to Λ(f ). All in all one may summarize by saying that Λ defines a functor of additive categories with involution from the category of finitely generated based free ZG-modules to the category of finite Hilbert N (G)-modules. Given an (m, n)-matrix A = (a i,j ), where i ∈ {1, 2, . . . , m} and j ∈ {1, 2, . . . , n}, right multiplication with A defines a ZG-homomorphism
Notice that A is the matrix A(r A ) associated to r A . A finite based free ZG-chain complex C * is a ZG-chain complex C * such that there exists a natural number N with C n = 0 for |n| > N and such that each chain module C n is a finitely generated based free ZG-module. Denote by Λ(C * ) the finite Hilbert N (G)-chain complex which is obtained by applying the functor Λ.
Here by a finite Hilbert N (G)-chain complex D * we mean a chain complex in the category of finite Hilbert N (G)-chain complexes such that there exists a natural number N with D n = 0 for n > N .
The weak
2 -torsion, that we will define in Section 1.3, will take values in the following K 1 -group. Recall that a morphism f : V → W of finite Hilbert N (G)-modules is called a weak isomorphism if it is injective and has dense image.
(ZG) to be the abelian group defined in terms of generators and relations as follows. Generators [f ] are given by of ZG-endomorphisms f : ZG n → ZG n for n ∈ Z, n ≥ 0 such that Λ(f ) is a weak isomorphism of finite Hilbert N (G)-modules. If f 1 , f 2 : ZG n → ZG n are ZG-endomorphisms such that Λ(f 1 ) and Λ(f 2 ) are weak isomorphisms, then we require the relation
ZG n → ZG n and f 1 : ZG n → ZG m are ZG-maps such that Λ(f 0 ) and Λ(f 2 ) are weak isomorphisms, then we get for the ZG-map
by the subgroup generated by the element [− id : ZG → ZG]. This is the same as the cokernel of the obvious composite
to be the cokernel of the homomorphism
. Definition 1.1 makes sense since the morphisms appearing above Λ(f 2 • f 2 ) and Λ(f ) are again weak isomorphism by [22, Lemma 3 .37 on page 144]. Remark 1.2. We obtain the classical notions of K 1 (ZG) and K 1 (ZG) if we replace in Definition 1.1 above everywhere the condition that Λ(f ) is a weak isomorphism of finite Hilbert N (G)-modules by the stronger condition that f is a ZG-isomorphism.
The universal L
2 -torsion for chain complexes. Recall that a ZG-chain complex C * is contractible, if C * possesses a chain contraction γ * , i.e., a sequence of ZG-maps γ n : C n → C n+1 such that c n+1 • γ n + γ n−1 • c n = id Cn holds for all n ∈ Z. Moreover, for a finite based free contractible ZG-chain complex C * its (classical) torsion
is defined for any choice of chain contraction γ * by the class [(c + γ) odd ] of the ZGisomorphism of finitely generated based free ZG-modules (c + γ) odd : C odd ∼ = − → C ev , where here and in the sequel we write
We want to carry over these two notions to finite based free ZG-chain complexes
n (D * ), which is defined to be the finite Hilbert N (G)-module given by the quotient of the kernel of the n-th differential by the closure of the image of the (n + 1)-st differential, vanishes, or, equivalently, if for each n ∈ Z the n-th L 2 -Betti number b (2) n (D * ), which is defined to be the von Neumann dimension of H (2) n (D * ), vanishes.
Definition 1.4 (Weak chain contraction)
. Consider a ZG-chain complex C * . A weak chain contraction (γ * , u * ) for C * consists of a ZG-chain map u * : C * → C * and a ZG-chain homotopy γ * : u * ≃ 0 * such that Λ(u n ) is a weak isomorphism for all n ∈ Z and γ n • u n = u n+1 • γ n holds for all n ∈ Z.
Let C * be a finite based free ZG-chain complex. Denote by ∆ n : C n → C n its n-th combinatorial Laplace operator which is the ZG-map ∆ n = c n+1 • c * n+1 + c * n • c n : C n → C n . It has the property that Λ(∆ n ) is the Laplace operator of the finite Hilbert N (G)-chain complex Λ(C * ), where the n-th Laplace operator of a finite Hilbert N (G)-chain complex D * is the morphisms of finite Hilbert N (G)-modules
Let C * be a finite based free ZG-chain complex. Then the following assertions are equivalent:
(1) Λ(∆ n ) is a weak isomorphism for all n ∈ Z; (2) There exists a weak chain contraction (γ * , u * ) with γ n • γ n−1 = 0 for all n ∈ Z; (3) There exists a weak chain contraction (γ * , u * );
Then the collection of the u n 's defines a ZG-chain map u * : C * → C * such that γ * is a ZG-chain homotopy u * ≃ 0 * , we have γ n • u n = u n+1 • γ n for n ∈ Z, and Λ(u n ) is a weak isomorphism for n ∈ Z. (2) =⇒ (3) is obvious. (3) =⇒ (4) Since Λ(u n ) is a weak isomorphism for all n ∈ Z, the induced map H
n (Λ(C * )) is a weak isomorphism for all n ∈ Z by [22, Lemma 3.44 on page 149]. Since Λ(u * ) is nullhomotopic, H (2) n (Λ(u * )) is the zero map for all n ∈ Z. This implies that H (2) n (Λ(C * )) vanishes for all n ∈ Z. 
Hence we can choose a bijection between the two bases for M and N . It induces a ZG-isomorphism b : N → M . Now define an element
Since we are working in K w 1 (ZG), the choice of the bijection of the bases does not matter.
, where (γ * , u * ) is any weak chain contraction of C * .
We have to explain that this is well-defined. The existence of a weak chain contraction follows from Lemma 1.5. We have to show that Λ((uc + γ) odd ) and Λ(u odd ) are weak isomorphisms and that the definition is independent of the choice of weak chain contraction. Let (δ * , v * ) be another weak chain contraction. Define Θ 1 : C ev → C ev by the lower triangle matrix 
is given by the lower triangle matrix 
We conclude from [22, Lemma 3.37 on page 144] that Λ(Θ 1 ) and Λ(Θ 2 ) are weak isomorphisms and we have
Analogously we find ZG-homomorphisms Θ 3 and Θ 4 such that Λ(Θ 3 ) and Λ(Θ 4 ) are weak isomorphism and we have
Since we can interchange the roles of (γ * , u * ) and (δ * , v * ), we can find ZG-homomorphisms Θ i for i = 5, 6, 7, 8 such that Λ(Θ i ) is a weak isomorphism and we have
We conclude that Λ(uc + γ) odd ), Λ(uc + γ) ev ), Λ(vc + δ) odd ), and Λ((vc + δ) ev ) are weak isomorphisms. So we get well-defined elements
Since the right hand side of the equation (1.8) above is independent of (γ * , u * ), we conclude that Definition 1.7 makes sense.
We call an exact short sequence 0 . Since E n is free and 0 → C n → D n → E n is exact, we can choose ZG-homomorphisms r n : D n → C n and s n : E n → D n satisfying r n • s n = 0, r n • i n = id Cn and p n • s n = id En for each n ∈ Z. Because of Lemma 1.5 we can choose weak chain contractions (γ * , u * ) for C * and (ǫ * , w * ) for E * such that γ n+1 • γ n = 0 and ǫ n+1 • ǫ n = 0 holds for all n ∈ Z. Define
We compute
This finishes the proof of Lemma 1.9. 
Proof. Since f * is a ZG-chain homotopy equivalence, cone(f * ) is a finite based free contractible ZG-chain complex. In particular Λ(cone(f * )) is L 2 -acyclic. One easily checks that ζ :
u (cone(f * )) since a chain contraction γ * for cone(f * ) defines a weak chain contraction (γ * , id cone(f * ) ) for cone(f * ). Now apply Lemma 1.9 to the obvious based exact short sequences of finite based free ZG-chain complexes 0 → D * → cone(f * ) → ΣC * → 0 and use the obvious fact that Λ(ΣC * ) is L 2 -acyclic, if and only if Λ(C * ) is L 2 -acyclic, and in
u (C * ) holds. (ZG) be the abelian group defined in terms of generators and relations as follows. Generators [C * ] are given by (basis preserving isomorphism classes of) finite based free ZG-chain complexes C * such that Λ(C * ) is L 2 -acyclic. Whenever we have a short based exact sequence of finite based free ZG-chain complexes 0 → C * → D * → E * → 0 such that two (and hence all) of the finite Hilbert N (G)-chain complexes Λ(C * ), Λ(D * ), and Λ(E * ) are L 2 -acyclic, we require the relation
We also require
Let K ch 1 (ZG) be the abelian group defined analogously, where we everywhere replace the condition that Λ(C * ) is L 2 -acyclic by the stronger condition that C * is contractible as ZG-chain complex. 
The inverses of ρ and ρ (2) w are given by the obvious maps regarding a homomorphism of finitely generated based free ZG-modules as a 1-dimensional finite based free ZGchain complex.
is well-defined by Lemma 1.9. One easily checks that the diagram appearing in Theorem 1.12 commutes. It remains to show that the two vertical maps are isomorphisms. We start out with the left vertical map.
Next we define a homomorphism
Consider a ZG-endomorphism f : ZG n → ZG n such that Λ(f ) is a weak isomorphism. We want to define
where el(f : ZG n → ZG n ) is the 1-dimensional finite based free ZG-chain complex whose first differential is f . Since Λ(f ) is a weak isomorphism, Λ el(f :
(ZG). We have to check that the relations in K w 1 (ZG) are satisfied. This follows for the additivity relation directly from Lemma 1.9. It remains to show for ZG-
Consider the chain map
given by h 1 = id ZG n and h i = 0 for i = 1. We conclude from the short based exact sequence of finite based free ZG-chain complexes 0
There is also a based exact short sequence of finite based free ZG-chain complexes 0
This implies
This finishes the proof that the homomorphism el announced in (1.14) is welldefined.
One easily checks that ρ
is the identity. In order to show that the homomorphisms ρ (2) u and el are bijective and inverse to one another, it remains to show that el :
We have to show for any finite based free ZG-chain complex C * with the property that Λ(C * ) is L 2 -acyclic that [C * ] lies in the image of el. By possibly suspending C * , we can assume without loss of generality that C n = 0 for n ≤ −1. Now we do induction over the dimension d of C * . The induction beginning d ≤ 1 is obvious, the induction step from d − 1 ≥ 1 to d is done as follows.
Choose a weak chain contraction γ * for C * . Define a ZG-chain map
We conclude from Lemma 1.9 applied to the short based exact sequence 0
with an obvious ZG-basis such that we obtain a based exact short sequence of finite based free ZG-chain complexes 0 → el(id C0 ) j * − → cone(i * ) → coker(j * ) → 0. We conclude from Lemma 1.9 that coker(j * ) is L 2 -acyclic and we get in K
Since [el(id C0 )] and el(c 1 • γ 0 : C 0 → C 0 ) lie in the image of el, it suffices to show that [coker(j * )] lies in the image of el. Since coker(j * ) has dimension ≤ d and its zeroth-chain module is trivial, this follows from the induction hypothesis. This finishes the proof that the homomorphisms ρ (2) u and el are bijective and inverse to one another.
The proofs for ρ :
consists of an abelian group A and an assignment which associates to a finite based free ZG-chain complex C * such that Λ(C * ) is L 2 -acyclic, an element a(C * ) ∈ A such that for any based exact short sequence of such ZG-
and we have a(el(± id ZG )) = 0.
We call an additive L 2 -torsion invariant (U, u) universal if for every additive L 2 -torsion invariant (A, a) there is precisely one group homomorphism f : U → A such that for every finite based free ZG-chain complex C * for which
We obtain an involution * :
weak isomorphism, and and we get in
Proof. Lemma 1.5 shows that Λ(∆ n ) is a weak isomorphism for all n ∈ Z. A finite based free ZG-chain complex has length ≤ l if there exist natural numbers n − and n + with n − ≤ n + such that C n = 0 implies n − ≤ n ≤ n + and l = n + − n − . We prove Lemma 1.17 by induction over l. The induction beginning l = 1 is done as follows. Choose a natural number n + such that C * is concentrated in dimensions n + and n + − 1.
The induction beginning from l − 1 ≥ 1 to l is done as follows. Choose integers n − and n + with n − ≤ n + such that C n = 0 implies n − ≤ n ≤ n + and n + −n − ≤ l. Let el n− (∆ n− ) * be the finite based free ZG-chain complex concentrated in dimensions n − + 1 and n − whose (n − + 1)-st differential is ∆ n− : C n− → C n− . Define a ZGchain map f * : el n− (∆ n− ) * → C * by putting f n− = id Cn − and f n−+1 = c * n−+1 . Let cone(f * ) be its mapping cone. Then we obtain a based exact short sequence of finite based free ZG-chain complexes 0
Let el n− (id Cn − ) * be the finite based free ZG-chain complex concentrated in dimensions n − + 1 and n − whose (n − + 1)-st differential is id : C n− → C n− . Let i * : el n− (id Cn − ) * → cone(f * ) * be the ZG-chain map which is given by the identity id Cn − in degree n − and by the obvious inclusion C n− → C n− ⊕ C n−+1 in degree n − + 1. The cokernel of i * is the finite based free ZG-chain complex D * which is concentrated in dimensions n for n − + 1 ≤ n ≤ n + and given by
We obtain a based exact short sequence of finite based free ZG-chain complexes 0
The induction hypothesis applies to D * since its length is ≤ l − 1. Hence we get, if ∆ ′ n is the combinatorial Laplace operator of D * , that ρ
Now Lemma 1.17 follows from (1.20) together with the last two equalities.
1.5. Review of division and rational closure. Let R be a subring of the ring S. The division closure D(R ⊆ S) ⊆ S is the smallest subring of S which contains R and is division closed, i.e., any element x ∈ D(R ⊆ S) which is invertible in S is already invertible in D(R ⊆ S). The rational closure R(R ⊆ S) ⊆ S is the smallest subring of S which contains R and is rationally closed, i.e., for any natural number n and matrix A ∈ M n,n (R(R ⊆ S)) which is invertible in S is already invertible over R(R ⊆ S). The division closure and the rational closure always
Consider a group G. Let N (G) be the group von Neumann algebra which can be identified with the algebra B(
Denote by U(G) the algebra of operators which are affiliated to the group von Neumann algebra, see [22, Section 8] for details. This is the same as the Ore localization of N (G) with respect to the multiplicatively closed subset of non-zero divisors in N (G), see [22, Theorem 8.22 (1)]. By the right regular representation we can embed CG and hence also ZG as subring in N (G). We will denote by R(G) and D(G) the division and the rational closure of ZG in U(G). So we get a commutative diagram of inclusions of rings
Lemma 1.21. Let C * be a finite based free ZG-chain complex. Then the following assertions are equivalent:
This has already been proved in Lemma 1.5. (6) The collection of the ZG-maps c * n+1 : C n → C n+1 defines ZG-chain homotopy ∆ * ≃ 0 * , where ∆ * : C * → C * is the ZG-chain map given by ∆ n in degree n. Therefore we get a n (Λ(C * )) = 0 for all n ∈ Z. This finishes the proof of Lemma 1.21.
Universal L 2 -torsion for CW -complexes and manifolds
We will define the universal L 2 -torsion ρ
for an L 2 -acyclic finite free G-CW -complex X by applying the notion of the universal L 2 -torsion of Section 1 to the cellular chain complex. We will present the basic properties of this invariant in Theorem 2.5.
If G is a group such that there exists a connected L 2 -acyclic finite free G-CWcomplex, then we will see that every element in Wh w (G) occurs as ρ (2) u (X; N (G)), see Lemma 2.8.
The universal L
2 -torsion for G-CW -chain complexes. Notice that the cellular G-CW -structure on a finite free G-CW -complex defines only an equivalence class of ZG-bases on C * (X), where we call two ZG-basis B and B ′ equivalent if there exists a bijection σ : B → B ′ such that for every b ∈ B there exists g ∈ G and ǫ ∈ {±1} with ǫ · g · σ(b) = b. The Hilbert N (G)-chain complex C (2) * (X) is independent of the choice of a ZG-basis within the equivalence class of cellular ZG-bases. So we can define the n-th L 2 -Betti number b
to be the image of ρ This definition extends to pairs (X, Y ) of finite free G-CW -complexes in the obvious way, consider the cellular ZG-CW -complex C * (X, Y ) and require that b
2 -torsion for manifolds). Every compact topological manifold has a preferred simple homotopy type, see [16, IV] . We can therefore extend the definition of the universal L 2 -torsion from CW-complexes to manifolds in the usual way.
Since we consider the universal L 2 -torsion as an element in Wh w (G), the choice of the ZG-basis representing the equivalence class of cellular ZG-basis does not matter and ρ Hence we obtain a well-defined homomorphism 
u (X) = ζ(τ (f )), where τ (f ) ∈ Wh(G) is the Whitehead torsion of f and ζ : Wh(G) → Wh w (G) is the obvious homomorphism; (2) (Sum formula) Consider a G-pushout of finite free G-CW -complexes
where the upper horizontal arrow is cellular, the left vertical arrow is an inclusion of G-CW -complexes and X has the obvious G-CW -structure coming from the ones on X 0 , X 1 and
2 -acyclic and we get 
u (X; N (G)) ; (5) (Product formula) Let G 0 and G 1 be groups and denote by j : 
u (F ; N (G)); (7) (S 1 -actions) Let X be a connected finite S 1 -CW -complex. Fix a base point x ∈ X. Let µ : π 1 (X, x) → G be a group homomorphism. Suppose that the composite
For each e ∈ I n choose a point x(e) in its interior and a path w(e) from x(e) to x. Denote by S 
where c w(e) is given by conjugation with the path w(e). Denote by
the homomorphism induced by j(e). Equip R with the Z-action given by translation. Then X is L 2 -acyclic and we get 
u (X; N (G))) follows from the definitions since the restriction of the ZG-chain complex C * (X) to ZH with j agrees with C * (j * X). (1) and (2) by induction over the equivariant cells in B.
This follows from assertions (1), (2) and (3) by induction over the S 1 -cells in X using the fact that the finite free
There is a simple ZG-chain homotopy equivalence C n− * (M ) → C * (M, ∂M ), where C n− * (M ) is the dual ZG-chain complex with respect to the w-twisted involution. Lemma 1.10 implies
. We conclude directly from the definitions.
). This finishes the proof of Theorem 2.5.
Remark 2.6 (Universal L
2 -torsion in terms of the combinatorial Laplace operator). Let M be an orientable n-dimensional manifold with free proper G-action and empty boundary such that the G action is orientation preserving. Suppose that the dimension of M is odd. Let ∆ n : C * (M ) → C * (M ) be its combinatorial Laplace operator. Then we conclude from Lemma 1.17 and Theorem 2.5 (8) that we get in Wh
The advantage of the formula above is that one can derive the right hand side directly from the differentials without having to find an explicit weak chain contraction. Notice that in the case, where the dimension of M is even, we do not get interesting information about the universal L 2 -torsion, namely, we just get
Example 2.7 (Torus T n ). Let T n be the n-dimensional torus for n ≥ 2. Let G be a torsion-free group. Let µ : π 1 (T n ) → G be a non-trivial group homomorphism. Let T n → T n be the G-covering associated to µ. Then T n is L 2 -acyclic and we get
u (T n ; N (G)) = 0 by the following argument.
We can choose an integer k with k ≥ 1, an isomorphism ν :
and an injection i :
Hence we obtain a G-homeomorphism
where the Z k -action on T k × T n−k is given by the standard Z k -action on T k and the trivial Z k -action on T n−k . We conclude from Theorem 2.5 (3) and (5) that T n is L 2 -acyclic and
If k = n, then the claim follows from χ(T n−k ) = 0. Suppose that k = n. Then we have to show ρ u (X; N (G)) holds in Wh w (G). Choose base points x ∈ X and s ∈ S 2 . Let k : G → X be the G-map sending g to g · x and let l : G → G × S 2 be the G-map sending g to (g, s). Let X ′ be the finite free G-CW -complex X ′ given by the G-pushout
For g ∈ G choose a path v g in X from x to gx. Let t g : π 2 (X ′ , gx) → π 2 (X ′ , x) be the standard isomorphism of abelian groups given by v g . Fix elements i, j ∈ {1, 2, . . . , n}. Let a[i, j] = g∈G a[i, j] g · g ∈ ZG be the entry of A at (i, j). Choose for g ∈ G a pointed map
given by the composite S 2 → G × S 2 , y → (g, y) with the inclusion of the j-th summand of j=1 G × S n into X ′ . Let q i : (S 2 , s) → (X ′ , x) be a pointed map representing in π 2 (X ′ , x) the element
By construction there is a based exact sequence of finite based free ZG-chain complexes 0 → C * (X) → C * (Y ) → D * → 0, where D * is concentrated in dimensions 2 and 3 and has as third differential r A : ZG n → ZG n . Since Λ(C * (X)) and Λ(D * ) are L 2 -acyclic, Lemma 1.9 implies that also Λ(C * (Y )) is L 2 -acyclic and we get in Wh
Lemma 2.9 (Realizability of the universal L 2 -torsion for manifolds without boundary and cocompact free proper G-action). Let G be a group such that there exists a connected L 2 -acyclic finite free G-CW -complex X. Consider any element ω ∈ Wh w (G) and any integer d ≥ 2 · max{dim(X), 3} + 1. Then there exists a connected smooth d-dimensional manifold M without boundary and cocompact free proper smooth G-action such that M is L 2 -acyclic and we have
Proof. By Lemma 2.8 we can find a connected L 2 -acyclic finite free G-CW -complex Y of dimension max{3, dim(X)} with ρ 2 (Y ; N (G)) = ω. We can embed Y /G into R d and choose a regular neighborhood N . This is a compact manifold N with boundary ∂N such that the inclusion i : Y → N is a simple homotopy equivalence. Let N → N be the G-covering obtained from the G-covering Y → Y /G by the pullback construction applied to any homotopy inverse of i :
We conclude from Poincaré duality and the long weak exact L 2 -homology sequence, see [22, Theorem 1.21 on page 27 and Theorem 1.35 on page 37] that ∂N and (N , ∂N ) are L 2 -acyclic. Let M be N ∪ ∂N N . This is a smooth manifold without boundary with proper free smooth G-action. One easily checks using Lemma 1.9 and Theorem 2.5 that N is L 2 -acyclic and we get in Wh
Notice that for an element ω ∈ Wh w (G) the equality ω = (−1) d+1 · * (ω) is a necessary condition for ω to be realized as ω = ρ (2) u (M ; N (G)) for a smooth orientable manifold M without boundary and proper free orientation preserving G-action such that M is L 2 -acyclic, see Theorem 2.5 (8). The construction above shows that for an element ω ∈ Wh w (G) satisfying ω = (−1) d+1 · * (ω) we can find a smooth orientable manifold M without boundary and proper free orientation preserving G-action such that M is L 2 -acyclic and ρ
u (M ; N (G)) = 2 · ω.
2.2.
The universal L 2 -torsion for universal coverings. The most natural and interesting case is the one of a universal covering. For the reader's convenience we record the basic properties of the universal L 2 -torsion in this setting.
Definition 2.10 (Universal L 2 -torsion for universal coverings). Let X be a finite connected CW -complex. We call it L 2 -acyclic if its universal covering X is L 2 -acyclic, i.e., the n-th L 2 -Betti number b
2 -acyclic in the sense above and we define
This definition extends to CW -pairs (X, A) by
where we denote for a path component C of X by A ∩ C → A ∩ C the restriction of the universal covering C → C to A ∩ C.
It is evident that Theorem 2.5 gives rise to statements about the universal L 2 -torsions for universal coverings. Most statements of Theorem 2.5 specialize in an obvious way. Therefore in the next theorem we spell out only three properties.
Theorem 2.11 (Main properties of the universal L
2 -torsion for universal coverings).
(2) (Sum formula) Consider a pushout of finite CW -complexes
where the upper horizontal arrow is cellular, the left vertical arrow is an inclusion of CW -complexes and X has the obvious CW -structure coming from the ones on X 0 , X 1 and X 2 . Suppose that X 0 , X 1 and X 2 are L 2 -acyclic and that for i = 0, 1, 2 and any point x i ∈ X the homomorphism 
If we use the notation and make the assumptions of Theorem 2.5 (7) in the special case G = π 1 (X) and µ = id pi1(X) , then X is L 2 -acyclic and we get
Remark 2.12 (Realizability of the universal L 2 -torsion for universal coverings.). Let π be group such that there exists a connected finite CW -complex X with π = π 1 (X) which is L 2 -acyclic. Consider any element ω ∈ Wh w (π). As a special case of Lemma 2.8 we get that there is a connected finite CW -complex Y with
u ( Y ) = ω. Also Lemma 2.9 has an obvious analogue for ρ 
We have computed ρ [20, Theorem 0, 1] . Now the claim follows from Example 2.7 and Theorem 2.11 (2).
Remark 2.15 (Graph manifolds).
There is an obvious analogue of Theorem 2.11 (6) for Seifert manifolds M with infinite fundamental groups where the role of S 1 is played by the regular fiber whose inclusion to M always induces an injection on the fundamental groups, and the cells corresponds to tubular neighborhoods of fibers. So we get again a formula for ρ (2) u ( M ) which essentially reduces the computation to the one of ρ (2) u ( S 1 ). In view of Theorem 2.14 this extends to graph manifolds. The hyperbolic pieces in the Jaco-Shalen-Johannson decomposition are much harder to deal with.
2.3. Mapping tori. Let f : X → X be a self-map of a connected finite CWcomplex. Denote by T f the mapping torus. For p : T f → S 1 the obvious projection, consider any factorization π 1 (p) : (2.16) and especially
In particular the latter is an interesting invariant of f . The following makes it possible to reduce the complexity of calculating the invariant for mapping tori.
Lemma 2.18.
(1) Consider a pushout of finite connected CW -complexes
where the upper horizontal arrow is cellular, the left vertical arrow is an inclusion of CW -complexes and X has the obvious CW -structure coming from the ones on X 0 , X 1 and X 2 . Suppose that the homomorphism
Let f : X → X be the self homotopy equivalence determined by the pushout property.
Then we obtain a pushout of connected finite CW -complexes
is injective for i = 0, 1, 2, and we get
(1) This follows from Theorem 2.11 (2) . (2) This follows from Theorem 2.11 (2) applied to the pushout
L
2 -torsion and the L 2 -Alexander torsion. Throughout this section let M be an admissible 3-manifold. We write π = π 1 (M ). Taking the Fuglede-Kadison determinant yields a homomorphism
The image of ρ We can generalize this discussion. Let pr : π → H 1 (π) f := H 1 (π)/ tors(H 1 (π)) be the projection. Denote by Rep C (H 1 (π) f ) the representation ring of finitedimensional complex H 1 (π) f -representations. There is a pairing
given by the Fuglede-Kadison determinant twisted with pr * V for some finitedimensional
, we get for every t ∈ (0, ∞) an element in Rep C (H 1 (π) f ) by the 1-dimensional representation C t,φ , which is given by the H 1 (π) f -action on C determined by g · λ := t φ(g) · λ for g ∈ H 1 (π) f and λ ∈ C. Thus we obtain an L 2 -torsion function
which is determined by ρ (2) u ( M ) ∈ Wh w (π) and whose value at t = 1 is the L 2 -torsion ρ (2) ( M ). This L 2 -torsion function is studied for instance in [5, 7, 15, 17, 18, 19] . Moreover, lim sup t→∞
and lim inf t→0
exist as real numbers and their difference is called the degree of the L 2 -torsion function. The negative of the degree turns out to be the Thurston seminorm x M (φ) of φ, see [7, 19] . In this section we want to detect elements in Wh w (G), in particular ρ A polytope in a finite-dimensional real vector space V is a subset which is the convex hull of a finite subset of V . An element p in a polytope is called extreme if the implication p = q1 2 + q2 2 =⇒ q 1 = q 2 = p holds for all elements q 1 and q 2 in the polytope. Denote by Ext(P ) the set of extreme points of P . If P is the convex hull of the finite set S, then Ext(P ) ⊆ S and P is the convex hull of Ext(P ). The Minkowski sum of two polytopes P 1 and P 2 is defined to be the polytope
It is the convex hull of the set {p 1 + p 2 | p 1 ∈ Ext(P 1 ), p 2 ∈ Ext(P 2 )}.
Let H be a finitely generated free abelian group. We obtain a finite-dimensional real vector space R ⊗ Z H. An integral polytope in R ⊗ Z H is a polytope such that Ext(P ) is contained in H, where we consider H as a lattice in R ⊗ Z H by the standard embedding H → R ⊗ Z H, h → 1 ⊗ h. The Minkowski sum of two integral polytopes is again an integral polytope. Hence the integral polytopes form an abelian monoid under the Minkowski sum with the integral polytope {0} as neutral element. Definition 3.1 (Grothendieck group of integral polytopes). Let P Z (H) be the abelian group given by the Grothendieck construction applied to the abelian monoid of integral polytopes in R ⊗ Z H under the Minkowski sum.
Notice that for polytopes P 0 , P 1 and Q in a finite-dimensional real vector space we have the implication P 0 + Q = P 1 + Q =⇒ P 0 = P 1 , see [28, Lemma 2] . Hence elements in P Z (H) are given by formal differences [P ] − [Q] for integral polytopes P and Q in R ⊗ Z H and we have [
There is an obvious homomorphism of abelian groups i : H → P Z (H) which sends h ∈ H to the class of the polytope {h}. Denote its cokernel by 
Given a homomorphism of finitely generated abelian groups f : H → H ′ , we can assign to an integral polytope
′ and thus we obtain homomorphisms of abelian groups
Lemma 3.8. Let H be a finitely generated free abelian group. Then:
The canonical short sequence of abelian groups exists an R-linear map ψ : R ⊗ Z H → R and r ∈ R such that ψ(x) < r holds for all x ∈ P and ψ(q) > r. By continuity we can find a Z-linear map φ ′ : H → Q such that the same holds for the R-linear map R ⊗ H → R induced by φ. Choose a Z-map φ : H → Z such that for some natural number n we have n · φ ′ = φ. Then we have φ(P ) < n · r and φ(q) > n · r. This implies φ(P ) = φ(Q). Hence
(2) We pick an identification of H with Z n . We endow Z n with the lexicographical order. It is straightforward to verify that there exists a unique homomorphism
with the property that a polytope gets sent to the extreme point of P of lowest order. This is clearly a splitting of the map
(3) It follows from Example 3.3 and assertion (1) that P Z (H) embeds into a countable free abelian group, hence it is free abelian by [31] . It follows from assertion (2) that P Wh Z (H) is also free-abelian. Explicit bases of the free abelian groups are given by Funke [12] .
3.2. The polytope homomorphism. From now on we suppose that G is torsionfree, satisfies the Atiyah Conjecture and H 1 (G) f is finitely generated. In FriedlLück [8, Section 6.2] the main ingredients of the so called polytope homomorphism
have been established. We briefly recall its definition for the reader's convenience.
There is a homomorphism, well-defined by Lemma 1.21, 
The inverse
sends the class of a unit in D to the class of the corresponding (1, 1)-matrix.
Next we want to define a homomorphism
We denote by K the kernel of pr :
where
is the Ore localization of the integral domain given by the crossed product D(K) * s H 1 (G) f with respect to the multiplicative set T of nontrivial elements. Consider an element u ∈ D(K) * s H 1 (G) f with u = 0. We can write
(This may be viewed as a non-commutative version of the Newton polytope of a polynomial in several variables.) This construction is compatible with the multiplication in D(K) * s H 1 (G) f and the Minkowski sum, namely, for u, v ∈ D(K) * s H 1 (G) f with u, v = 0 we get P (uv) = P (u) + P (v). Thus we obtain a homomorphism of abelian groups
If we compose it with the isomorphism coming from j s and take into account that P Z (H 1 (G) f ) is abelian, we get the desired well-defined homomorphism P ′ announced in (3.13). The polytope homomorphism (3.9) is defined to be the composite
of the homomorphisms defined in (3.10), (3.11), and (3.13). One easily checks that the polytope homomorphism (3.9) induces homomorphisms denoted by the same symbol P
Sending the class of an integral polytope P to the class of the integral polytope −P = {−p | p ∈ P }, yields involutions * :
Consider any group homomorphism w : G → {±1}. Equip ZG with the involution of rings sending g∈G r g · g to g∈G r g · w(g) · g If f : G → K is an injective group homomorphism, then the following diagram
commutes and is compatible with the involutions.
Remark 3.18 (Computational complexity). The main problem when one wants to compute the image of an element in Wh
w (G) under the polytope homomorphism
is that for an (n, n)-matrix over ZG it is usually very hard to figure out the corresponding unit in D(G)
× since the Dieudonné determinant is not at all easy to compute. See also [23, Remark 6.24] . The situation is easy if n = 1, as exploited in Subsection 4.2.
3.3. The L 2 -torsion polytope.
Definition 3.19 (The L 2 -torsion polytope). Let G be a torsion-free group satisfying the Atiyah Conjecture. Suppose that H 1 (G) f is finitely generated. Let X be a free finite G-CW -complex which is L 2 -acyclic. Then we define its L 2 -torsion polytope
u (X; N (G)) . We take a minus sign in the definition above in order to get nicer formulas when relating P (X; G) to the Thurston norm and the dual Thurston polytope, see Theorem 3.27 and Theorem 3.35.
If X is an L 2 -acyclic connected finite CW -complex, we abbreviate
. Now there are obvious analogues of the Theorems 2.5 and 2.11 which are sometimes simpler to state. As an illustration we go through a few examples for P ( X) for L 2 -acyclic connected finite CW -complexes X and Y . Recall that we assume that the fundamental group is torsion-free and satisfies the Atiyah Conjecture.
(1) (Homotopy invariance) If X and Y are simple homotopy equivalent or if X and Y are homotopy equivalent and π 1 (X) satisfies the K-theoretic Farrell-Jones Conjecture, then the image of P ( X) under the isomorphism
(2) (S 1 -actions) Let X be a connected finite S 1 -CW -complex. Suppose that for one and hence all x ∈ X the map π 1 (S 1 , 1)
π1(evx,1)
where I n is the set of open n-dimensional S 1 -cells of X and for such an S 1 -cell e ∈ I n we denote by S 1 e the isotropy group of any point in e. Then X is L 2 -acyclic and we get 3.4. The L 2 -torsion and the Thurston seminorm. Let H be a finitely generated torsion-free abelian group. Let P ⊆ R ⊗ Z H be a polytope. It defines a seminorm on Hom Z (H, R) = Hom R (R ⊗ Z H, R) by
It is compatible with the Minkowski sum, namely, for two integral polytopes P, Q ⊆ R ⊗ Z H we have P and Q in R ⊗ Z H with f = P − Q }. This becomes an abelian group by (f − g)(φ) = f (φ) − g(φ) because of (3.21) . Again because of (3.21) we obtain an epimorphism of abelian groups (3.23) sn : 
epimorphisms, such that the following holds:
Consider a torsion-free group G which satisfies the Atiyah Conjecture and for which H 1 (G) f is finitely generated, and any factorization of α :
of the homomorphisms P, P Wh Z (H 1 (β•ν) f ), and sn defined in (3.15) , (3.7) , and (3.23) to the element given by the negative of half the Thurston seminorm
Proof. Before we start with the proof we need to introduce some notation. We write π = π 1 (M ). Given a homomorphism µ : π → G and a homomorphism ψ : G → Z we denote by M the cover of M corresponding to µ, we write C * = C * (M ) and we define
where K is the kernel of ψ and i : K → G is the inclusion. Now can go ahead with the proof. By [8, Theorem 0.4] there exists a virtually finitely generated free abelian group Γ, and a factorization pr M : 
Now let µ : π → G be as above. Let K be the kernel of φ • β • ν. We use the notation introduced in the beginning of the proof. We start out with proving the claim that
In order to prove the claim we first consider an (n, n)-matrix A over ZG which becomes invertible over D(G). It defines a class [A] ∈ Wh w (G) by Lemma 1.21 since, as we mentioned in Section 3.2, D(G) = R(G) follows from the Atiyah Conjecture. We conclude from [8, Lemma 6.12 and Lemma 6.16] that we get in the notation of [8] 
If el(r A ) denotes the ZG-chain complex concentrated in dimension 0 and 1 with first differential r A : ZG n → ZG n and i : K → G is the inclusion, then we conclude from [8, Theorem 3.6 (4)]
We conclude from Remark 1.16 that for any L 2 -acyclic finite based free ZG-chain complex C * we get
defines an additive L 2 -torsion invariant with values in R. This concludes the proof of (3.26) .
We now turn to the actual proof of the theorem. If we apply the above claim to C * = C * (M ) and if we combine the resulting equality with (3.25) we see that
provided that φ is surjective, since the surjectivity of φ implies the surjectivity of φ • β • ν.
Both maps
are continuous since seminorms are continuous maps, and satisfy
for r ∈ R and φ ∈ Hom Z (H 1 (M ) f , R). Hence we get for every φ ∈ Hom
and for any non-trivial ψ ∈ Hom Z (H 1 (M ) f , Q) there exists an epimorphism φ : H 1 (M ) f → Z and a rational number r with r · φ = ψ. This finishes the proof of Theorem 3.24. 
Proof. If M is not a graph manifold, the claim follows from Theorem 3.24. (Note that here we use the sign convention in the definition of P ( M ) that we introduced in the beginning of Section 3.3.) The case of a graph manifold is handled analogously using [8, Theorem 2.14].
Remark 3.28. The pairing (0.5) is given by the homomorphism
given by the image of ρ (2) u (C * ) under this homomorphism. The same argument as appearing in the proof of (3.26) together with the formula
In Theorem 3.27 we just saw that the polytope P ( M ) determines the Thurston norm of M . In the coming sections we will prove a more precise statement, namely that the polytope P ( M ) agrees, up to translation, with the dual of the Thurston norm ball.
3.5. Seminorms and compact convex subsets. Let V be a finite-dimensional real vector space. We write V * = Hom(V, R). Given any subset X of V , we define its dual X * to be
Given a compact convex subset X ⊆ V we use the definition of (3.20) to define a seminorm
We define (−X) to be the compact convex subset {−x | x ∈ X}. The Minkowski sum X + (−X) is again a compact convex subset and we get X = −X and 2 · X = X+(−X) . Given a seminorm s on V , we assign to it its unit ball
and denote by B * s the associated dual. A straightforward argument shows that we have the equality
In the sequel we will identify V = V * * by the canonical isomorphism.
Lemma 3.31. If X is a closed convex subset containing 0, then under the identification V = V * * we have X = X * * .
Proof. It is straightforward to see that X ⊂ X * * . We now show the reverse inclusion. Consider y ∈ V with y / ∈ X. By the Separating Hyperplane Theorem, see [29, Theorem V.4 on page 130], we can find ψ ∈ V * and r ∈ R such that ψ(x) < r holds for all x ∈ X and ψ(y) > r. Since 0 is contained in X and since ψ(0) = 0 we deduce that r > 0. Define φ := r −1 · ψ ∈ V * . Then φ(x) ≤ 1 for x ∈ X and φ(y) > 1. This implies y / ∈ X * * . 
The Hahn-Banach Theorem, see [29, Theorem III.5 on page 75], implies for all
Since s(v) = s(−v), assertion (5) follows. (6) Since 0 is contained in X + (−X), Lemma 3.31 implies
We get directly from the definitions
This finishes the proof of Lemma 3.32.
3.6. The dual Thurston polytope. Now let M be a compact oriented 3-manifold.
In the sequel we will identify
and V = V * * by the obvious isomorphisms. We refer to (3.33)
as the Thurston norm ball and we refer to
as the dual Thurston polytope. Explicitly by (3.30) we have 
. The proof of Theorem 3.35 will require the remainder of this section.
3.7. The dual Thurston polytope and the L 2 -torsion polytope. Recall that we have defined an involution * :
Next we define a homomorphism of abelian groups (3.36) poly : SN (H) → im id + * :
by sending an element in SN (H) represented by P − Q for integral polytopes P and Q in R⊗ Z H to the element
. This is well-defined because of (3.21) and Lemma 3.32 (6) which implies P = Q ⇐⇒ P +(−P ) = Q+(−Q) for integral polytopes P and Q in R ⊗ Z H. 
where pr is the canonical projection; (3) The map sn induces an injective map
whose cokernel is annihilated by multiplication with 2, and a surjective map 
u ( M , M | ∂M ) from the version of Poincaré duality for compact manifolds with boundary, see Theorem 2.5 (8) . From the additivity of the universal L 2 -torsion, see Lemma 1.9, we get ρ
u ( M | ∂M ). Since ∂M is a union of incompressible tori, we conclude ρ Recall that the L 2 -polytope P ( M ) is defined be the image of −ρ .2) which is the image of −ρ (2) u (G) under the polytope homomorphism in (3.15). There is an obvious sum formula for amalgamated products coming from Theorem 2.11 (2) . Namely, if we have injective group homomorphisms G 0 → G i for i = 1, 2 and G i has a finite model for BG i and is L 2 -acyclic for i = 0, 1, 2, then G = G 1 * G0 G 2 has a finite model for BG, is L 2 -acyclic and we get in Wh w (G)
u (G 0 ), (4.3) where j i : G i → G is the inclusion. There are also obvious analogues of the finite covering formula, the product formula and the statement about fibrations of Theorem 2.5.
4.2.
Torsion-free one-relator groups with two generators. Let G be a torsionfree one-relator group with two generators which is not the free group. Choose any presentation x, y | R with two generators and one relation R. Let X be the associated presentation complex which has one zero-cell, two 1-cells, one for each generator x and y, and one 2-cell which is attached to the 1-skeleton which is the wedge of two copies of S 1 according to the word R. Then π 1 (X) is isomorphic to G and X is a model for BG, see [25, Chapter III § §9-11]. The finite based free ZG-chain complex of the universal covering X is given in terms of Fox derivatives by Waldhausen [36, page 249-250] has proved that Wh(G) vanishes. Hence ρ (2) u (C * ( X)) depends only on the homotopy type of X and hence is an invariant of G as a group which we denote by ρ (2) u (G). Hence ρ (2) u (G) is independent of the presentation and satisfies ρ Now suppose that G satisfies the Atiyah Conjecture. Then we have the polytope homomorphism P : Wh w (G) → P Wh Z (H 1 (G) f ) introduced in (3.9). For an element u = g∈G r g · g ∈ ZG define its support by supp G (u) = {g ∈ G | r g = 0} ⊆ G.
Let P (u) ⊆ R ⊗ Z H 1 (G) f be the integral polytope which is the convex hull of the subset pr(supp G (u)) ⊆ H 1 (G) f . Then we conclude from the definitions (4.4) P −ρ (2) u (G) = P
∂R ∂x
− [P (y − 1)].
The polytope P (y − 1) is the convex hull of the two points 0 and pr(y) ∈ H 1 (G).
Consider the example G = Z 2 = x, y|xyx −1 y −1 . We compute Remark 4.5. With the same notation as above, the first author and Tillmann [11] assigned to such a presentation π = x, y | R in an elementary way a polytope P (π) in H 1 (G; R). If G satisfies the Atiyah Conjecture it follows from (4.4) and [11, Proposition 3.5] that P (π) and P (G) represent the same element of P Wh Z (H 1 (G) f ). In particular this shows that P (π) is an invariant of the underlying group G and not just of the presentation. This proves [11, Conjecture 1.2] , provided that the Atiyah Conjecture holds for G.
If π is furthermore the fundamental group of a 3-manifold, then Theorem 3.35 says in particular that 2 · P (π) = [T (M ) * ], this recovers the main theorem of [10] .
4.3. Group endomorphisms. Let f : G → G be a monomorphism of a group G. Suppose that G admits a finite model for BG. Then we can consider the mapping torus T Bf of the induced map Bf : BG → BG induced by f . Is is straightforward to see that it is a finite model for the classifying spaces of the HNN-extension G * f associated to f . (Indeed, the only statement that needs verification is that the higher homotopy groups of T Bf are zero. We denote by T Bf the obvious infinite cyclic cover. It suffices to show that its higher homotopy groups are zero. But each map S k → T Bf lies in a compact subset of T Bf , in particular it lies in a subspace given by finitely many mapping tori of Bf : BG → BG glued together, but such subspaces are homotopy equivalent to BG and hence aspherical. See also [21, Section 2] .) By [21, Theorem 2.1] the space T Bf is L 2 -acyclic. Since the simple homotopy type of T Bf is independent of the choice of BG and Bf , see [3, (22. 1)], we get well-defined invariants. where for (4.7) we have to assume that G * f satisfies the Atiyah Conjecture. (This is for example always satisfied if G is a free group, see [13, Section 2.9] for details.)
We expect that P (f ) is a useful invariant, already for automorphisms of free groups P (f ) should contain some interesting information.
